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869. 


ON THE TRANSFORMATION OF ELLIPTIC FUNCTIONS. 


[From the American Journal of Mathematics, vol. 1x. (1887), pp. 193—224.] 


THE algebraical theory of the Transformation of Elliptic Functions was established 
by Jacobi in a remarkably simple and elegant form, but it has not hitherto been 
developed with much completeness or success. The cases n=3 and n=5 are worked 
out very completely in the Fundamenta Nova (1829); viz. considering the equation 


aalt a o ia dinl lk 
V1—-y?.1—My? V1—x?.1—/ex?’ 


(k=ut A=; say this is the Mka- or Muv-form), Jacobi finds, in the two cases 
respectively, a modular equation between the fourth roots u, v, say the wv-modular 
equation, and, as rational functions of u, v, the value of M and the values of the 
coefficients of the several powers of æ in the numerator and denominator of the 
fraction which gives the value of y; but there is no attempt at a like development 
of the general case. I shall have occasion to speak of other researches by Jacobi, 
Brioschi and myself; but I will first mention that my original idea in the present 
memoir was to develop the following mode of treatment of the theory: 


In place of the Mk)-form, using the paG-form 
ARE RAY. lo 
V1l—opy+y NI Zarya 
(I write for greater convenience 2a, 28 in place of the a of Jacobi and Brioschi and 


the 8 of Brioschi), we can, by expanding each side in a series, integrating, and 
reverting the resulting series for y, obtain y in the form 


y = px (1 + Ia? + Il,a*+...), 
CIXI 64 
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where IL, I, T;,... denote given functions of p, a, 8. Taking n odd and =2s+1 
we assume for y an expression 


_&@(A,+ Amt... + A, 0%? + 2%) 
~~ 14+ A ,o?+ 2... + A, oh? + A,’ 


where the last coefficient A, is at once seen to be =p. Comparing with the series- 
value y=pæ (1 + hæ + M, +...) we have an infinite series of equations. The first 
of these is, in fact, ds=p; the next (s—1) equations give linearly A,, Áz... Aso 
in terms of the coefficients II; that is, of p, a, 8: the two which ‘follow serve in effect 
to determine p, 8 as functions of a: and then, p and @ having these values, all the 
remaining equations will be satisfied identically. 


The process is an eminently practical one, so far as regards the determination 
of the coefficients A,, A,,..., As, as functions of p, a, 8; it is less so, and requires 
eliminations more or less complicated, as regards the determination of the relations 
between p, a, B. As to this, it may be remarked that the problem is not so much 
the determination of the equation between p and a (or say the pa-multiplier equation, 
or simply the pa-equation), and of the equation between 8, a (or say the «@-modular 
equation, or simply the a-equation), as it is to determine the complete system of 
relations between p, a, 8; treating these as coordinates, we have what may be called the 
multiplier-modular-curve, or say the MM-curve, and the relations in question are those 
which determine this curve. 


In the absence of special exceptions, it follows from general principles that the 
coefficients A,, As,..., Asi, gud rational functions of p, a, 8, must also be rational 
functions of a, 8 or of a, p; and I think it may be assumed that this is the case; 
the method, however, affords but little assistance towards thus expressing them. 


In connexion with the foregoing theory, I consider the solutions of the problem 
of transformation given by Jacobi’s partial differential equation (“Suite de Notices sur 
les Fonctions elliptiques,” Crelle, t. Iv. (1829), pp. 185—193), and by what I call the 
Jacobi-Brioschi differential equations. The first and third of these were obtained by 
Jacobi in the memoir*, “De functionibus ellipticis Commentatio,” Crelle, t. Iv. (1829), 
pp. 371—390 (see p. 376); but the second equation, which completes the system, was, 
I believe, first given by Brioschi in the second appendix to his translation of my 
Elliptic Functions: Trattato elementare delle Funzioni ellittiche: Milan, 1880. I had, 
strangely enough, overlooked the great importance of these equations. I shall have 
occasion also to refer to results, and further develop the theory contained in my 
memoir, “On the Transformation of Elliptic Functions,” Phil. Trans., t. CLXIV. (1874), 
pp. 397—456, [578], and the addition thereto, Phil. Trans. t. CLXXXIX. (1878), pp. 
419—424, [692]. 

I remark that, while I have only worked out the formule for the cases n=3 
and n=5, and a few formule for the case n=7, the memoir is intended to be a 
contribution to the general theory of the pa8-transformation; I hope to be able to 
complete the theory for the case n=7. 


[* Ges. Werke, bd. 1., pp. 295—318; in particular, p. 303.] 
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Comparison of the Mkn- and paß-Forms. The Modular and Multiplier Equations. 
Art. Nos. 1 to 12. 


1. The equation 
Mey. dx 


v1 —y.1—my? Vior ib 


if we write therein 


= Noa = = < = W = Y 
A uz’ y UAS TK 
becomes 
Me OE. sepa ate nn TON 
eVI-W +r) yty PNI (ult um) att at’ 
viz. this is 
eae du 
Vi-%By+y Vi—dam +a" 
if only 


1 1 y? 
=! _— = a ai a 
aa at tie 28 tae P= eM’ 


2. We have a uv-modular equation, and, as shown in my Transformation Memoir*, 
p. 450, this may be converted into a w‘v'-modular equation; in particular, n=3, the 
equation is 
yt + Gary? + a4 — day (4a°y? — 3a? — 3Y? + 4) = 0, 


where æ, y denote uw‘, vt respectively ; say the equation is 
F(a, y), =a +x (— 16y° + 12y) + æ (64°) + æ (124° — 16y) + yt, = 0. 
From the equation F (æ, y)=0, we derive 
oF (æ; y) E (e, y)=0; 
say this is 
(Aa? + Be + O + Da+ Ea) (A'a + B'e + C' + D'a + E's) = 0, 


viz. the equation is 
AA's! +(AB + A’B) ov +... + EE'a =O, 


where, by reason of the symmetry of F(a, y), the coefficients AA’, EE’ of s, a~, 
those of æ, æ, &c., have equal values; the form thus is 


A (at + a) + B (a +o) + O(a + a) + D (w@ + a7) + E=0, 
where atat, 2 +a, +a, are given functions of «+ a—, =2a; viz. we have 
æ +a1= 2a, 
+= 4e 2, 
e@+a%= 8 — ba, 
at + 4 = 16a! — 1602 + 2. 


[* This Collection, vol. 1x., p. 170.] 
64—2 


www.rcin.org.pl 


508 ON THE TRANSFORMATION OF ELLIPTIC FUNCTIONS. [869 


The coefficients 2, %,... are in like manner expressible as functions of y+ y`} =28; 
thus we have %=1, 
$= AB +A’'B 


=— 16 (y +y”) +12 (y +y), =-—16 (88 —68)+ 12. 28; 


or, finally, B =—1286?+1208; and so for the other coefficients. The numerical 
coefficients contain, all of them, the factor 16; and, throwing this out, we obtain, for 
n=38, the a8-modular equation in the form 


where observe that the form is symmetrical as regards a, 8; and, further, that the 
sums of the numerical coefficients in the lines or columns are the binomial coefficients 
1, —4, +6, —4, +1. Observe, further, that the sums in the direction of the sinister 
diagonal are —64, — 64, +320, — 192; viz. dividing by — 64, it thus appears that, 
writing B=a, the equation becomes 

a&+at—5e0?+3=0; 
that is, (œ — 1} (æ + 3)=0. 


Again, writing @=—a, then dividing by 16, the equation becomes 


4a°—19a4 + 28a? — 12 = 0; 
that is, 
(4a? — 3) (a? — 2} = 0. 


3. So also, for n = 5, we have the uʻvt-modular equation in the form 
a + 655aty? + 6558y + yë — 6402y? — 640aty4 
+ æy (— 256 + 3202 + 3204? — 7024 — 66024? — 70y4} = 0; 
+ 820aty? + 3202yt — 256aty*) 
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and in precisely the same manner, we obtain the a@-modular equation; viz. casting 
out a factor 64, this is i 


B* & p* p” e B 1 


a 
a? ‘ 6400 — 133140 + 126720 =: 0, 
a” — 172785 + 276480 y 103680 

a — 2310 + 126720 — 124416 

1 ary ae: . + 103680 — 103680 


+1 ='6 + 15 = 90 +15 = 6 +1 


where the form is symmetrical as regards a, 8; the sums of the numerical coefficients 
in the lines or columns are 1, —6, +15, —20, +15, —6, +1. The sums in the 
direction of the sinister diagonal all divide by — 4096; viz. throwing out this factor, 
we have, for 8 =a, the equation 

a — 2008 + 118a° — 180a + 8la?= 0; 

that is, 

i a (œ — 1} (œ — 9F = 0. 
If 8B=—a, the coefficients divide by 64; and throwing out this factor, the equation is 


64a + 88048 — 3247a° + 3600a4 — 12960? = 0; 


that is, 
a (at + 16 — 16) (8a? — 9)? = 0. 

4. We have a Mu-multiplier equation of the form F (i 2 —1)=0 (see 
Memoir*, pp. 420—422), but we cannot, by the preceding formulæ, deduce thence a 
1 _wp 

v 


pa-multiplier equation; in fact, writing therein Ra the resulting equation is 


2 
F (3, 1 — 2u*) = 0, which is a pa-multiplier equation only on the assumption that 
pe 
1—2u’, u? and v? are therein regarded as given functions of a. But it is very 


[* This Collection, vol. x., pp. 334, 335.] 


www.rcin.org.pl 


510 ON THE TRANSFORMATION OF ELLIPTIC FUNCTIONS. [869 


remarkable that the pa-equation, in fact, is F(p, a)=0. To prove this, assume that 


the equation 
dy pda 


V1 —2py+y! V1 — 2am + at 
has a pa-multiplier equation F(p, a)=0. Starting from the equation 
Lh: Halley's OAS... Lake 
Vl—y?.1—a4y? V1l—x?.1—/ex?’ 


we may, by effecting on each side a quadric transformation, convert this into 


dy Ubi sai Mdg me 
VI —2(Q8-l)ytyt V1—2 (Qu8—1)a*+ at’ 


and this being so, we have, between M~ and 2u — 1, the relation 


F(z 2u!—1) =0; 


or, conversely, if this be the form of the Mu-multiplier equation, then the pa-multiplier 
equation is F(p, a) =0. 
5. The quadric transformations are 
NERS vI=y 
La YE n meea er aai 
x V1 — kx? y V1 — Ny? 


We have then only to show that 


da “it dx 
V1 —2 (28-1) +a VI—x?. 1—x? 


? 


for then, in like manner, 
dy a dy 
V¥1—2(28—-1)y+yt V1—y?.1—vA¥y?’ 
and we pass from the assumed differential relation between x, y to the above-mentioned 
differential equation between a, y. 


6. For the quadric transformation between æ, a, write 
A=k—-ik’, Ot=kh+ ik, 
k — tk’ 
k + tk’ 
G+ G-4=2h, 04+ 60-= 2k? — 2h? =2(2k*-1), =2(Que-1); 


(whence also 0 = } and therefore 


we have 
1— x? 1 


l-(sl 8 aoe Boe) ee he ee 


-0 
eae TA. eee ee — —} 2\2- 
x? (1 — kx?) (A m ec 
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and similarly, 


al All 


1-72 = (1 — kx’) (1 — Okx*). 
Consequently, : 
l 1 4 
(1 a Ox") (1 —0 1g) =]-2 (2u8 . 1) a? + a4 ” wr (1 — kx?) (1 — 2k?x? + i aE 

or say 

1 
NTE — 2 (2u8 — 8—1) a? + x + w= = x? (G — Px) (1 bag 2k2x? + kx), 

Moreover, 

dx 


da = 


PEAR E E n, 
and thence the required equation 
dx TIA dx i 
VI=2(1—w)a tat VI —x?, 1 — hex?” 
this completes the proof. 


7. Thus, referring to the Mu-equations given in the place referred to, we obtain 
the following pa-multiplier equations. When n=3, we have 


p'— 6p? — 8ap — 3=0. 
This may be written in the forms 
8ap = p*— 6p? -— 3, 
8(a+1)p =(p— 17 ( + 3), 
8 (a—1)p =(p +1) (p — 3). 
Next, for n=5, we have p*— 10p* + 35pt— 60p? + 55p? + (38 — ore 5=0. 


This may be written in the two forms 
64a%p = (phie 4p — 1)? (p? ~ 2p +5) 
64 (a? — 1)p = (p — 1} (p — 5). 
And, for n= 7, we have 
p® — 28p° — 112ap" — 210p* — 224ap* + (— 1484 + 1344a?) p? + (— 560a + 512a) p +7 = 0. 


8. The relation between p and 8, or say the pf-multiplier equation, may be 
obtained by a known property of elliptic functions; viz. writing pe = +n (the sign is — 
for n=3, n=7, or generally for any prime value 4p+3: and it is + for n=5 and 
generally for any prime value =4p+1), then we have between o, 8 the same relation 


and 


as between p, a. Thus, if n=3, c=-5, for p, a writing o, 8, the equation is 
— 6o? — 88o —3=0; or, as this may be written, 
pP + 8B + 18p?— 27 =0; 
and so for the other cases; but it is perhaps more convenient to retain the c; 


thus, if n=5, c=, we have 


— 100° + 350* — 600° + 550? + (38 — 648%) c + 5 =0. 
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9. We are hence able to express 8 as a rational function of p, ay We, in 
fact, have 


VEENA E. 1 OS E eA 
B=, (pt -4p -1) Vp'— 2p + 5, 88 =—7_ (0° — do — 1) Vo? = 20 +5, 


(the signs must be opposite), and then for o, substituting its value =4p, and observing 
that o?—2o0+5 is thus =30- 2p +5), we find 


B _ P+ 20p — 25 
a p*(p?—4p—1)’ 
which is the required formula. 


Observe that, for p=a=%5, the formule with the sign —, as above, give 
8=—a, whereas with the sign + they would have given =a. For the value in 
question, p= /5, the equation 


6da? =" (p° — 4p — 1) (p" — 2p +5), 
gives 
6402 = -L 16 (1 — 1/5): (10 —2 V5); 


V5 
that is, 


, on 1 paat . 
a =F, (3—5) (5 - v5), =(8-W5)(W5—1); 


that is, a&=—844/5, or af+16a°—16=0; it appears, ante No. 3, that this value 
belongs to the case 8=—a and not to 8 = a. 


10. But there is another way of arriving at a formula containing 8. Starting 
from Jacobi’s equation 
Ar dk 
MiS te |, ee 
me RES ON? 


and introducing for A, N, k, k’, M their values in terms of u, v, we have 


ote ee 
utp? ut (1 — ut) viw’? 


that is, 
dv _ p?uk(1 — 2°) | 
dun w(1 — ui)’ 
but, from the values of a, 8, we find 


dv_ v(1—u')dp 
du w (1 — v8) da’ 
and, combining these results, 
dB e (1—wy 


T e AD A 
da n` (1—-wyP’ n 
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that is, 


We have, consequently, 


dB a pda 
B-11 n(a@?—1)’ 
and therefore 
j WE =r. g *{2 pda 
ON ae a—1’ 


where p? must be regarded as a function of a, or a of p; and from the form of 
the equation, it appears that the integral must be expressible as the logarithm of 
an algebraic function of p, a 


11.. Thus, when n= 3, we have 
8a pë — 6p — F ; 


p 
whence 


da 3 ‘ 
8 —- = 3p?-6+—, =— (p?-1), 
dp Pp p oP ) 


and thence easily 


fe tx OY 8p’dp dp 
bog Silat =~ | +o f 


that is, 
B-1_(p-3)(p+1) 
B+1 (p+3)*(p—1)’ 


as may be at once verified. 


12. In the case n=5, I verify the equation under the form 


d 
Pag 


From the equations 
64 (œ — 1) = ; (p—1)'(p—5), and 8a = J; (p? — 4 —1)VP + 2p — 5, 


we have 
128ada__5(p?—4p—1) dp 


@—1 ~ p(p=1)(p-5) ’ 


16da W 5dp 
aœ—1 (p—1)(p—5)Vp(p? —2p +5) 


and thence 


Similarly, observing the — sign of 88, we have 
16d _ — 5de 
Rind (ed) eB alee Bas By. 
©. XII. 65 
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whence, substituting for o its value =, we have 


16dB _ p dp pe? 16da 


@-1 (p—1)(p—5) Vp(p?— 2p +5) 5'`œ-—1 


> 


which is right. 


Connexion of the Mkr- and paB-Theories. Order of Modular Equation. 
Art. Nos. 13 to 18. 


13. In the Transformation Memoir [578], starting from the equation 
at att (are) 
l+y 1+x\P+Qx/’ 
I sought to determine the coefficients of P, Q by the consideration that the relation 


Ea a respectivel 
kx’ Ny PR y. 


respectively, the relation 


between x, y remains unaltered when x, y are changed into 


y 


This comes to saying that, when for x, y we write aeg 


between æ and y presents itself in the form 


_@ (4t 4t... + Aa) 
TTA AE E ASRA o 


where s=4(n—1), as before. For instance, when n= 7, P=a+ yx’, Q= £ + òx. 


If, solving for y, we then for x, y write Tai Z, we find 
y U {(a? + 2aß) + (2ay + B®? + 2ad + Zr) u ™ + (y? + 2BS + 2y) su + Sau} 
p a? + (2ay + A + 2a8) vu! + (y? + 286+ 2ad + By) wu + (8? + 2yd) wu” 
and comparing this with 
_ @(A,+ Apa? + At + A, a) 
~ Ag +A, a2 + Agat+ Asa ’ 


we have for each of the coefficients A two different expressions. Equating these and 
making a slight change of form, we obtain the relations between wu, v, a, B, y, ò used 
in the Memoir: thus, 

Ay=@ = vu, A, = v2” (y + 286 + 28d) = u~ (2ay + A+ 208), &e. ; 


in the Memoir, k(=w*) is used instead of u, and Q (=v%u-*) instead of v, and the 


equations thus are 
ka = QS, 


k (2ay + 2aß + B® = Q (y? + 2yò + 288), 
y? + 2By + 2ad + 285 = Qk (2ay + 2By + 2ad + £), 
& + 2yò = OF (œ + 2af); 
viz. these are the equations [Coll. Math. Papers, vol. 1x., p. 119]. The idea in the 
present Memoir is that of considering the coefficients A in the stead of a, £, ... 
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14. We have here, and in general for any odd value of n, equations of the form 


hy de 
Q=) pp» 
where U, V,..., U’, V’,... are quadric functions of the coefficients a, B, y,...; and 


these equations serve to establish between © and & a relation called the Qk-modular 
equation, and which in regard to Q is of the same degree as the wv-modular equation 
is in regard to v. Leaving out the equation (Q =), we have 


Ds A CRE yee e Oe 

EET: ARR | sig ete 
and to each system of values of a, B, y, 6,... (or say of their ratios) given by these 
equations, there corresponds a single value of ©; the number of values of Q, or the 
degree in Q, of the QOk-equation is thus found as =(n+1)2!”—, This is far too 


high; for n=3, 5, 7,..., the degrees are 4, 12, 32, ...; those of the proper Ok-equations 
are 4; 6, 8; ..); 


15. I showed, or endeavoured to show, that in the case n=5, the extraneous 
factor was (Q —1¥, (Q—1=0, the Ok-modular equation belonging to n=1, for which 
the transformation is the trivial one y=), and that in the case n=7, the extraneous 
factor was {(Q, 1)*}*, (OQ, 1)*=0, the Ok-modular equation for the case n= 3); 
generally the extraneous factors seem to depend on the Qk-functions for the values 
n—4, n—8, &c. The ground for this is that, in the assumed formula for any given 


value n, we may take P, Q to contain a common factor 1 + kx? (observe that, to a 


factor prés, this is unaltered by the change x into 5; viz, it becomes i (1 + kx’), 


a condition which is necessary) , and we thereby reduce the equation to 


dea PA Kagit meta) 
ity iss (Paes k 

in which equation the degrees of the numerator and the denominator are each 

diminished by 4, and the equation thus belongs to the value n — 4. 


16. I remark here that, in the case of n an odd prime, the degree of the 
modular equation is =n+1; but for any other odd value, the degree is 


; 1 1 
F =n (1+ =) (1 +5) ae 
where a, b,... are all the unequal prime factors of n; thus, if n =a, the degree is 


at (1 +2), =a*"(a+1). 


In the case of a number n=abc..., without any squared factor, the degree is 


abe ... (1 +7) (1 +5) (1 + *) on = (GP 1b + 1) +1) «.., 
65—2 


www.rcin.org.pl 


THE TRANSFORMATION OF ELLIPTIC FUNCTIONS. [869 


516 ON 


the sum of the factors of n. We have 


oa’ (n) = coeff. 2” in 2d (a), 


where 
a(l +æ) 


pa =g + 3 + 5a>+..., =A iry’ 


and the summation extends to all odd values of N having no squared factor; thus, 


p(x) = a+ 3a + 5a’ + Ta? + 9a® + 11a” + 130% + 152%... 


o(@)= Ia + 329 + 5a, 
$ (a!) = la” + Bat 
$ (a?) = La? 

$ (0) = i lar 

$ (™)= La 

$ (a) = Lo 


COPPER EEE HEHEHE EHHEEH HEHE HET HEHEHE EE HEHEHE HHH EHH HEHEHE EEE HH EH EYEE 


COSHH HEHE HHO HEE HEED EEE HEHEHE SHEET HEHEHE E HEHEHE HEHEHE EHH SHE HEEOS 


Sp (a) = a + 4a? + 6a + 8a? + 124 + 120" + 14a + 24a... 


17. Supposing that the reduction is completely accounted for as above, then, to 
obtain the numerical relations, the numbers 1, 4, 12, 32,..., (n+1)2?”- have to be 
expressed linearly in terms of 1, 4, 6, 8,..., o (n), viz. (n+1) 21-3 as a linear function 
of o (n), o (n—4), o’(n—8),..., and we have 

I= l, 
4= 4, 
12= 6+6. 1, 
32= 8+6. 4, 
80=12+6. 6+ 32. 1, 
192 = 12 + 6. 8 +33. 4, 
448 = 14 + 6.12 + 33. 6 + 164. 1, 
1024 = 24 + 6.12 + 33. 8 + 166. 4, 
2304 = 18 + 6.14 + 33.12 + 166. 6 + 810.1, 
5120 = 20 + 6.24 + 33.12 + 166. 8 + 817.4, 


11264 = 32 + 6. 
24576 = 24 + 6. 


18 + 33 
20 + 33 


. 14 + 166 
. 24 +.166 


12 + 817.6 + 3768.1, 
.12 + 817.8 + 3778.4, 


COOPER EERE HEHE SETHE EEE EHH EEE HEHEHE EEE SEE ESTEE EH EHH EEE HEHEHE HEH SHEE HEHEHE 


POPE HOHE EH HEH HEHE HEHEHE EHH EEE TEETH EEE EEE HEE ESESH TERETE OHHH EH EHS EEE HEED 


but it is of course very doubtful whether these relations have any value in regard to 


the present theory. 
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18. In the same way that, by assuming a common factor, 1 + kx’, in the values of 
P and Q, we pass from the case n to the case n—4, so, by assuming a common factor, 
l+, in the numerator and denominator of the expression for y in terms of æ and 
the coefficients B, we pass from the case n to the case n—2. Contrariwise, in the 
solutions given by the Jacobi-Brioschi differential equations and by the Jacobi partial 
differential equation, the solution for a given value of n does not thus contain the 
solution for an inferior value of n; see post Nos. 36 and 43. 


I pass now to the theory before referred to. 


The Development y= pa (1 + Ia + Mat +...) Art. Nos. 19 and 20. 


19. Starting from the equation 


and writing for shortness 
R, =}, Si=38, 
R,=$( 3 e — 4), S=% 
R,=4( 4 æ — $a), S=} 
R= 4 fa- e+) Sg 


CORR ROR OHHH HER SETHE HEHEHE HEHE OHHH SHEE EEE HH EE EHH EHH ERED 


7 ae E N 
yoa pot 
R 
| 
soko 
W 
Y 


SPOOR EEE HEHEHE HEHEHE HEHEHE EH EHEE HEHEHE HEHEHE EHH HEED 


(viz. save as to the exterior factors 4, +,..., 3Rı, 5R,,... are the Legendrian functions 
of a, and 38,, 58,,... the Legendrian functions of 8), we have 


dy (1+ 38,y? +584 +...) = pde (1 + 3R + 5R,a + ...), 
whence integrating, so that y may vanish with æ, we have 
yt y+ Syp+...=p (et Rye + Rix +...) 
say this is 
= Uh 


20. We then have y =u — fy, where fy=S,y?+S.y'+...; and thence, expanding by 
Lagrange’s theorem, 


y= ufos (fru) -z g (Pay! ta "= 


we have 
fu =K w + Kw + Kw +N Hnn, 

.and thence 
fu= Sub + 28, S,u8 + (28,8; + 8,7) UL +..., 
fu= KEU + 3SPS UD + ..., 
Jf'u= Sifu}? + 20.5 
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consequently, 
Ym 
+u’ (= S,), 


+u Er Ña + 38,°), 
+U (— S; + 88,8, — 128°), 
+u? (— S, + 108,S, + 58.2 — 5582S, +5594) 


and writing herein 
=p {æ + Ræ + Rio + Ria’ + R +...}, 
= P {æ + 3R,o + (3R, + 3R?) a + (8R,+6R,R, + Rẹ) +...}, 
= # {a° + 5 Rx’ + (5R, + 10R,*) 2 +...}, 
ware HIRE +...}, 
{a 


we have the required series 
y = pæ {1+ e + Ua + Ma + ...}, 

where the values of the coefficients are 

I, = R, +(—S:) P, 

II, = R, + (— S) 3R + (— S: + 38,2) $, 

TI; = R; + (—S,) BR, + 8A’) P + (— 8, + 38) 5K, pt + (— S; + 88,8, — 128,2) p°, 

II, = R, + (— S1) (3R; + 6R, Ro + R?) P? + (— 8, + 387) (5R: + 10R2) pt 

+ (—S; + 88,8, — 128,°) 7 Rip! + (— Sa + 108,8; + 58.2 — 558,28, + 558,4) p, 


and so on, as far as we please. 


The Cubic Transformation, n=3. Art. Nos. 21 to 28. 


21. We have here 


PEA 
1+ pæ 


whence, developing the left-hand side and equating coefficients, 


pll,=—p?+1, pll:=p*-p, plls=—p*+ p’,... 
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It will be convenient to write 


0,=pll,+p?-1, = —S,p?+p?+Rp-1, 
@, = “II, — p? + 1, (—S, +38,°)p*—(3R,S,+1) p?+ Rk, +1, 
©, = II;+p'—p, =(—S, +88,S, — 128) p° 
+ (— 5R, S + 15R,8:2) p* 
+o 
+(—3R,8,- 3R2S,) p? 


COCOA EOHHEHE HEHEHE OHHH HEHEHE HEHEHE HEHEHE EHH EEE E EES 


COOPER EERE HEHEHE HEHEHE HEHEHE HEHEHE EHO HEHEHE HEHEHE HEHEHE HEHEHE HEHEHE EEE ED 


where observe the difference of form in the function ©,, and in the subsequent 
functions @,, ®;,.... In these last, a factor p is thrown out. 


22. The two equations ©,=0 and ©,=0 serve to determine p, 8 in terms of a; 
the subsequent equations 8,=0, @,=0,... will then be, all of them, satisfied identically. 
This implies that ©,, ©,,... are each of them a linear function of ©,, ©, The 
à posteriori verification and determination of the factors is by no means easy; I have 
effected it only for @,;; we have 


70, =(P — 3S,p? — 2p + 27 R,) O, + (— Sip? — 10p + 25R,) @., 
or, at full length, 


(— 8, + 89,8, — 128.) p° 

+(—5R,S, +15R,8,2) p 

7 NER 

+ (—3R,8, — 3R) p? 
=p 

+ R; 


=(p?—38,p?— 2p+27R,)( —Sip*+p’?+ Rip — 1) 
+(-— S,p?—10p +25R,) ((—S, +358,’) p*— (32,8, +1)p? + R, + 1); 


in verifying which we must, of course, take account of the relations between the 
expressions R and those between the expressions S; we have 


a=3R, and thence 10R,=27R2—1, 14R,= 135R} -—9R;; 
similarly, 
4 108, = 278, ae. $, 148, = 13583 qee 9S). 


Equating the coefficients of p°, we have 


— 78, + 56S, S, — 845, = — S, + 8,8, — 38,7; 


www.rcin.org.pl 


520 ON THE TRANSFORMATION OF ELLIPTIC FUNCTIONS. [869 
viz. multiplying by 2, this is 


or, finally, it is 
(— 1358, + 98,) + (2978, — 118,) — 1628; + 28, = 0, 


an identity, as it should be. The identity of the coefficients of p’, pt, p°, p°, p, 1 may 
be verified in like manner. 


23. Considering « as known, the values of p and 8 are determined by the fore- 
going equations ®©, =0, ®©, =0; that is, 


-DP++ Rip—-1=0, 
(— S + 382) pt — (3R S+ 1) P+ R,+1=0, 
where, of course, the R’s and S’s are regarded as given functions of a and 8 respectively. 


It is to be observed that the equations are satisfied by p?=1, a=8; viz. we 
a(+1+ 2), 

eT ae 
of the first order, n=1. The two equations represent surfaces of the orders 4 and 6 
respectively, and they have thus a complete intersection of the order 24. As part of 
this, we have, as just shown, each of the two lines (p=1, a= 8) and (p=—1, a= £); 
but there is a more considerable reduction of order to be accounted for, the proper 
MM-curve being, as will appear, a unicursal curve of the order = 6. 


have the transformation y= that is, y=+, which is the transformation 


24. Multiplying the second equation by 10, and for 10h, and 108, writing their 
values 27R,2—1 and 2782-1 respectively, we have 


(38° + 1) p° — (308, 8, + 10) pi + (27K? + 9) p?=0; 


and if herein we substitute for Sp? its value from the first equation, = p? + Rp —1, 
we have 
3 (p? + Rip — 1)?+ #-— 30R,p (p? + Rp — 1) — 10p*+ (27K? + 9) p? =0; 
that is, 
p — Tp! — 224R + 3P + 24k, p +3 = 0; 
viz. this is 


(œ — 1) (#— 6p? — 24R,p — 3)=0, 


containing, as it ought to do, the factor p?—1. Throwing this out, and repeating the 
first equation, we have 
ne 1P? + P+ Rip —-1=0, 


p“ — 6p? — 24Rıp — 3 = 0, 
which two equations may be replaced by 

p — 248, p* + 18p? — 27 =0, 

p — 6p?-24R,p- 3=0, 
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which are the p8- and pa-equations respectively. Recollecting that R, and S, denote 
ła and 48, they agree with the results obtained in No. 7. The a@8-modular equation 
is obtained by the elimination of p from these two equations, and may be at once 
written down in the form, Det. =0, where the determinant is of the order 8, but 
contains S, and R,, that is, 8 and a, each of them, in the fourth order only: the 
form is thus the same with that of the ag-equation obtained in No. 2; but the 
identification would be a work of some labour. 


25. The equations may be written 
248, pP? = pt + 18p? — 27, 
24h. p =pt— 6p?— 3, 


and, treating &,, Sı, p as coordinates, it hence appears that the MM-curve is (as 
mentioned above) a unicursal curve of the order 6; in fact, we have R, Sı, each of 
them given as a rational function of p; and cutting the curve by an arbitrary plane 
AR, + BS,+Cp+D=0, the substitution of the values of R,, Sı in this equation gives 
for p an equation of the order 6. 


26. The same conclusion may be obtained from the foregoing system of a cubic 
and a quartic equation in p. Considering R,, S,, p as coordinates, they represent, each 
of them, a surface of the order 4, and the complete intersection is of the order 16; 
but this is made up of a line in the plane infinity counting 10 times, and of the 
MM-curve, which is thus of the order 16—10, =6. In fact, introducing, for homo- 
geneity, a fourth coordinate 0, the two equations are 

—-Sip?+ P+ Rp- &=0, 
p — 6p? — 24 R p — 36*= 0, 
and the line p=0, 6=0 is thus a triple line on each of these surfaces; viz. cutting 
them by an arbitrary plane, we have for the first surface an ordinary triple point, as 
shown by the continuous lines of the annexed figure, and for the second surface a 
triple point = cusp + two nodes, as shown by the dotted lines of the figure. There is, 
moreover, as shown in the figure, a contact of two branches, and the number of inter- 
sections is thus = 10. 


: 3 ; À 
27. If we assume po=-— 3, that is, pad, and substitute this value in the 


' equation for S,, the two equations become 
248510 = ct — 607 — 3, 


24Rıp = p* — 6p? —3; 
GC, ear 66 


www.rcin.org.pl 


522 ON THE TRANSFORMATION OF ELLIPTIC FUNCTIONS. [869 


viz. B is the same function of o(=-=) that a is of p. This accords with the 


theorem in Elliptic Functions that a combination of two transformations leads to a 
multiplication. 


28. We have 
24(R, + 4)p=p*— 6p? + 8p —3, =(p—1)*(p + 3), 


or, what is the same thing, 
24 (Rı+4) =(p—-1P(pto+2); 

and, in like manner, 
24 (Rı—4)p =p* — 6p? — 8p —3, =(p +17 (p— 3), 
24(R,-4) =(p+1}. (p +0- 2); 

with the like equations between S,, o, p. It will be recollected that 


R, = 4a, =4(w +3); 


and, consequently, 


hence 
2 
24 (Ry tt) =4(ut+2 42), =4(wi5) i 
The formulæ just obtained are useful for obtaining the ww-modular equation from the 
foregoing equations; or say 
afv I)e= o- 60-3, 
4 4 1 = nå 2 
w Reg p =p — 6P — 3, 
where po =—38, and we have to eliminate p and ø; the elimination gives 
2 2 
Oe TA. 
wy uv 


that is, 
vt + wu — wu — ut = 0. 


The Quintic Transformation, n =5. Art. Nos. 29 to 32. 


29. We have here 


p HAL + a 


and multiplying by 1+A,2*+ pa, we obtain an infinite series of equations, the first 
three of which are z 


=p (1 + Iæ + Mat + Mat...) 


A, = pIl, + Ajp, 
l= pll, + A,pll,, 
0= pll; + Apli, T faa 


CRPPH EH EHH SE HERE eee 


eee eee eee eee eee eee eee 
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The first of these gives 


A pl, _@,-p +1, 
—p+1?’ TS —p+1 , 


and the other two equations then determine the MM-curve. These being satisfied, the 
remaining equations will be satisfied identically. It is proper to introduce ©,, ©., ©, 
into the equations instead of IL, M., I,. We have first 


= ep et 2 
Pia A e ETETE ma 
that is, 
(@, —p? +1) 2 : 
ie TALEE A pe — 
0=p (0+ -— 1) rte +p?-—1; 
viz. this is 


p(p—1)(@, + p?>—1) — (@, — p? + 1) + (p?- 1) (p — 1) = 0; 
or, finally, this is 
p (p —1) 9, — O? + 20, (p?— 1) = 0. 


Secondly, we have 


O=11,+% i tell =0; 
that is, 
al gi Pax 
viz. this is 


(@+@ —p*—p*+p+1)(—p +1)+(@,—p? +1) 0+- 1)=0; 
or, finally, it is 
©;(—p + 1) + 0,0, + ©, (p? — p) - , (P — 1) =0. 
30. We have thus the two equations 
(p?— p) @, — O,? + 20, (p? — 1) = 0, 
©, (— p+ 1) + 9,9, + ®, (P — p) — @, (p? — 1) = 0; 
and recollecting that ©, is of the form Z0,+MO,, we see that each of these 


equations is satisfied if only 6,=0, 0,=0 (the formule belonging to the cubic trans- 
formation). This ought to be the case, for we can, by writing A,=p+ 1, reduce the 


æ (p + A,a* + at) x (p + a?) : ‘4 
RS eran to the form boar’ which belongs to the cubic trans 


formation (see ante No. 17), The equations may be written 


expression 


©; 
p®, = — (2p KA E a | 


p®= (3p? + 4p + 2) @,-(3 mc a 
pS manera be 


66—2 
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31. The investigation may be presented in a slightly different form by intro- 
ducing the functions © at an earlier stage; viz. writing 


pll, = @, — p? + 1, pll, = pO, + p> —p,..., 


we have 
p+ A,a* + a4 m tatha A wid 
EAT EA re p?+ 1) a+ +- p) a+... 
o opeka 
"ipa z + Oa? + pO, a4 + pO +.. 


Transposing, reducing, and dividing by 2, we have 


(1 — 2*)[p?-1+4,(—p +1)] 


(1 + pa®)(1 + Aa + pat) = 0, + pO,2 + pO,a*+.. 


whence clearly p?>—1+A,(—p+1)=9,, giving for A, the before-mentioned value; and 
we then have 


1+ Ast pai =14 (p+ 1) at pai iR, = (1 + 2) (1 + pa?) — aay 
The equation thus becomes 
— 7) @ 
(1 æ) O, - =0, + p02 + pO +..., 
(4a) (l + pat) (1- A) 
p—1.1+4°.1+p2 


and expanding the left-hand side, first in the form 


(1 — 2") ©, (1 — 2") 20; (1 — a’) #03 
(1 +a) (1 + pat * (p— 1) (+a (1 + pat * (p— 1) Fe + pay 


SLL 


and then each of these terms separately in powers of æ, and comparing with 
©, + pO? + pQ@,a4+..., we have the two equations in the last-mentioned form, and an 
infinite series of other equations, which will be satisfied identically. 


32. The successive coefficients might be called ®,, ®,...; say 
$, = (p? — p) @, — O° + 2 (p?— 1) O,, 
P, =(—p +1) 0, + 0,0, + (P — p) ®, —(p?— 1) ®,, 


and similarly for ®,,...; and it would then be proper to show à posteriori that each 
of the equations ®,=0, ®, = 0,... is satisfied identically in virtue of the two equations 
®,=0, ®,=0, or, what is the same thing, that the functions ®,, ®,,... are each of 
them a linear function (with coefficients which are functions of p) of the two functions 
®, and ®,. I do not attempt to do this, nor even to discuss the MM-curve by 
means of the equations ®,=0, ®,=0; but I will obtain equivalent results, and com- 
plete the solution by means of the Jacobi-Brioschi equations, in effect reproducing the 
investigation contained in the third appendix of the Funzioni ellittiche. 
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The General Transformation, n=2s+1. Art. No. 33. 


33. The equation here is 
pH Amit t... 
1+A,2+... 


The general theory is sufficiently illustrated by the preceding particular cases, and I 
wish at present only to notice the equation obtained by comparing the coefficients 
of æ?; viz. this is A,.,.—pA,=plh, or, substituting for II, its value, 


A,_, — pA, =} (ap — Bp’). 


=p(1+II,¢+...). 


The Jacobi-Brioschi Equations. Art. Nos. 34 to 42. 


34. These were obtained for the differential equation 
da ba dy 
Vae+bet+cet+date Nayt + by? + cy? + dyte’ 
viz. if this be satisfied by y= U +V, where U, V are rational and integral functions 
of æ of the degrees n and n— 1 respectively, then, writing for shortness 
p= + be + itt dwt e, 
and using accents to denote differentiation in regard to æ, the numerator and denom- 
inator U, V satisfy the equations 


(VV" —~ V2) b+4 VV". ¢’ + aU?+ LbUV + pV? =0, 
~(VU" + V"U-2V'U) p—-4(VU' + VU) 6 +4 dU? + (c — 2p) UV +4dV? =0, 
(UU —U%) +4 UU". ¢’ + pU*+  4dUV+ eV?=0, 


where p is a function =as?+bæ +c, with coefficients a, b, c, the values of which have 
to be determined. By way of verification, observe that, multiplying by U? UV, V”, 
and adding, we obtain 


—(VU’—V'UY 6 +aU4*+bU°V +cU V? +dUV’+eV*=0; 
that is, 


1 ; 
m (VU'— V'UY (aat + b'a? + ca + d'a + e) + ayt by + cy + dy+e=0, 
the result obtained by substituting for y its value, = U + V, in the differential equation. 
35. Considering the foregoing special form 

APEE, ia UDA GE. MIR 
V1 —2ae?+ at pV1—2By?+y*' 

so that a, b, c, d, e have the values p*, 0, — 28, 0, p and @ is =1- 2207+ a, the 

- equations are 


(VV" —V") b+ $ VV’. + p?U? + pV?=0, 
—(VU" + V"U —2V'U’) 6+ 4(VU'+ V'U) d’ — (28 +2p) UV =0, 
(UU" — U%) $+ $4 UU’. +p? + pV? =0, 
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where, writing as before, n=2s+1, and assuming that the last coefficient, Ajj) or 
A;, is =p, we have 


UV=2(p+ Ase +Aspa'+...+ A,o*?*+ a), 
V= 1+ Aj,a*+ At... + Ag, GP? + pe”, 


and where, as is easily shown, p has the value =—{2A,+(2s+1)a*}. In comparing 
with Brioschi, it will be recollected that 2a, 28 are written in place of his a, £. 


36. The equations contain n, and they are not satisfied by values of U, V 
belonging to any inferior value of n; U, V may each of them be multiplied by any 
common constant factor at pleasure, but not by a common variable factor P; viz. it 
is assumed that the fraction U -+ V is in its least terms, and consequently that (save 
as to a constant factor) U, V are determinate functions. It is easy to verify that 
the equations (being verified by U,V) are not verified by PU, PV, but it is inte- 
resting to show œ priori why this is so, The equations are obtained as follows. 


dæ 


Consider the differential equation in the form —,; and suppose that an integral 


_ dy 
rp ae: 
equation is given in the form F=0 (F a rational and integral function of æ, y); we 
thence deduce a relation Ldæ + Mdy=0 between the differentials, and this must agree 
with the given differential equation; that is, we have LyX + M./Y= 0, or, rationalizing, 
LX —MY=0; viz. this last equation must agree with the equation #=0, or, what 
is the same thing, LX — M*Y must contain F as a factor; say we have 


LX-—MY=F.G, 


where G is a function of a, y. In the particular case where the integral is of the 
form 
y= U+ VJ, 
we have 
F=Vy—-U, 
and we have therefore 
BPX —-MY=G(Vy—-U); 


and it is by means of this identity that the equations are obtained. But suppose 
that there is a common factor P, or that we have y=PU+ PV; then, if we write 
F=PVy—PVU, =P(Vy—U), there is no necessity that [2X — MY should contain 
as a factor this expression of F, and it will not in fact contain it; all that is 
necessary is that J?X — MY shall contain the factor Vy— U; and thus the equations 
obtained for U, V do not apply to PU, PV. We might, of course, introduce an 
arbitrary constant factor ©; contrast herewith the solution by means of the Jacobi 
partial differential equation, post No. 43, where © is not arbitrary but has a determinate 
value. 


37. In virtue of the assumed forms of U, V, the first and the third equations give 
each of them the same relations between the coefficients A; and only one of these 
equations, say the first, need be attended to. It will be observed that this equation 
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does not contain 8; it consequently serves to determine the coefficients A in terms 
of p, a, and to establish a relation between p, a, that is, the multiplier equation. 
We can from this, as will be explained, deduce the equation between p, 8; the theory 
thus depends entirely upon the first equation; say this is 


(VV" — V”) (1 — 2aa? + at) + VV" (— 2am + 20°) + pU? — (2A, + (28 + 1) a°} V? = 0. 


38. We have V=1+A,a°+ A,a*+..., but the equation contains the quadric 
functions VV” — V’, VV’, and V?; it is convenient to write 
VV" — V2 =K, + Kæ Katt., 
V? = L, + Læ + La +.. 


whence of course 


VV’ = 2L + 4l +..., 
and we have 
K= | K,= | K3= K;= K= K,= KES ES 
24, | 124,| 304,| 564, 904, 132A, 1824, 2404; 


—2A,?|—2A,4, |+8A4,4, | +264,4, | +524,4, | +864,4, |+128.4,4, 
oe Ba ee TAA, ts 484, | 

: of OP te DOA |) (OLA, 

Be Ms 


Lo= L= L= L= Ls 
1 2A, 2A, 2A, 2A, 
+ A? |+24,A,| +2A4,4, 
+) SAS 


Ag = A, = | Ag = | Ag = Ay = 
pP? 2pås-ı 2pA,_» 2pA,_; 2pAy, 
FA + 2As-14s-2 + 2As-14s-3 
+ pipe 
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Substituting in the equation and equating to zero the coefficients of the several 
powers of æ, we find 

a; —2A,L, = 0, 

K, — 24A, L, + (— 2s — 1) L, —- 2a (Kı + L) +e = 0, 

K, + K, — 24A, L; + (— 2s + 1) L, — 2a (K, + 2L) + PA, = 0, 

K, + K, — 24, L; + (— 2s + 3) L, — 2a (K; + 3L) + PA: = 0, 

K, + K; — 24, L, + (— 28 + 5) L; — 2a (K, + 4L) + PA, = 0, 


COOH EHH HHH ETH EH EEE HEE HEE HEE HEHEHE EEE HEHEHE H HEHEHE HEE HEHE ES 


CPOE HOHE EERE HEHE EEE HEHE EEE EEE EEE EEE HH EEE HEHEHE HEHEHE EEE EHH HEED 


The number of equations is =2(s+1), for the equation contains terms in æ, 2’, «4,...,a#**; 
but the first equation, and also the last and last but one equations, are in fact 
identities; there remain thus 2(s+1)—38, =2s—1 equations; but these are equivalent 
to s independent equations, serving to determine the s—1 coefficients A,, As,..., As, 
and to determine the relation between p and a In writing down the equations for 
a determinate value of s, the coefficients A, A, must be taken to be =0 and p 
respectively; and coefficients with a negative suffix or a suffix greater than s, must 
be taken to be each =0. 


39. Thus, (n=3) s=1, we have the 2(s+1), =4 equations: 
2p —2p.1 Sa | 
— 2p” —2p.2p+(—3)1 —2a( 2p +2p) +ø@. p?=0, 
0+2p —2p.p* +(—1) 2p — 2a(— 2p + 2p*) +p’. 2p = 0, 
0 —2p?-— 29.0 +(+1) p?-2a( 0+4+3.0)+ p?.1 =0, 
where the first, third and fourth equations are each of them an identity; the second 
equation is —2p?— 4p?— 3-—8ap+p'=0; viz. in accordance with what precedes, writing 
a=38,, this is the foregoing equation 
p — 6p? — 24K, p —3 = 0. 
To complete the solution, we use the theorem in elliptic functions referred to 
ante (No. 8); viz. writing po=—3, then we have 8 the same function of ø that 


a is of p; whence 
o4— 60? — 248,00 —3=0, 


and we thus have two equations giving the MM-curve. 


40. In the case, (n=5) s=2, we have the 2(s+1), =6 equations: 

2A, —2A,.1 P = 0, 

129 —2A,?> — 2A, (24) —5.1 — 2a. 2A, +e. =0, 
— 2p, +24, — 2A, (2p + 4$) —8.2A, —2a{12p —2A,?+ 2(2p + 4°) +P .2p4,=0, 
— 4 +12p -—2A"2—2A,.2A,p — 1 (2p +4?) — 2a |— 2pA,4+3.2A;p} + pP (2p +4?) = 0, 

0 —2p4, — 24. p? +1.24p —2a{—4p? +4.p} +p. 2A, =0, 

0 —4p? -—24,.0 +3. p — 2af 0 +5.0} ep A, 
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where the first, fifth and sixth equations are each of them an identity. The 


remaining equations are 
(p?— 2p + 5) (p?+ 20 —1)—6A,?— 8A,a=0, 


2p°A, = 6pA, ie 32pa ‘tx 24A; = 4A, = 0, 
2p (pP? — 2p + 5)+ 10p — 4A,’p — 844p +34} = 0. 
41. Writing the first and third of these in the forms 
A;? (P — 4p + 3) — 8A,ap + (P — 2p + 5) 2p = (), 
they determine A,*, 8A,a in terms of p; viz. we find 


A?=(p?—2p+5) p, 
8A,a=(p?—2p +5)(p?—4p—1); 


and then, writing the second equation in the form 
(œ — 3p — 2) A,?—16paA, — A;*= 0, 


and substituting these values of A,’ and 84,a, and omitting the factor p?—2p—5, 
we have the identity 


p (p* — 3p — 2) — 2p (p? — 4p — 1) — p?(p? — 2p +5) = 0; 
viz. the second equation is then also satisfied. 


Forming the square of 84,4, and for A, substituting its value, then omitting a 
factor p? — 2p +5, we find 


64pa? = (pP — 2p + 5) (p?— 4p — 1)”, 
= pë — 10" + 35p* — 60p* + 55p? + 88p +5; 
or, as this may also be written, 
64p (e —1)=(p —1/(p — 5), 
and we then have also, as before, 
64o (8?— 1) = (a — 1} (ø — 5), 
which two equations determine the MM-curve. 


The coefficient A, is given by the foregoing equation for 84a, say the value is 


1 k 
A = zz (P — 2p + 5) (° — 4p — 1). 


II 
The value Aumc tng ; 


obtained in No, 29, on substituting for II, its value, is 
1 ae 
A =k (Bp — ap) 
p-l 
and these two values are, in fact, equivalent in virtue of the value of 8 obtained 


in No. 9. 
oO. X11. 67 
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42. I consider the case »=7, in order to show the form of the equations which 
have to be solved; these equations are 
2A,—2A,.1 = 0, 
12A,—2A,2—2A,.2A,—7.1—2a(2A,+1.2A,) + p?. p? = 0, 
30p — 2A, A, + 24, — 24A, (24,+ 4°) — 5 . 24A, 
— 2a (124, — 2A +2 (24, + A,*)) + p? . 2p4 = 0, 
8A,p— 44? + 124A, — 24A? — 2A, (2p + 24:43) — 3 (24, + 4°) 
— 2a (30p — 24, A, + 3 (2p + 24:4)) + p? (2p A, +42) = 0, 
~ 6Asp +80p — 24, A,— 2A, (24,p + Ay?) — 1 (2p AN 
— 2a(8A,p — 44A? + 4(2Aip + A,?)) + p? (2p + 2A, A.) =0, 
— 6p? +84,p— 44} -— 2A, (24,p) + 1 (24,p + A’) 
— 2a (—6A,p + 5 (2A,p)) + p? (2A, + 4°) = 0, 
0 —6A,p—2A,.p?+3(2A.p) —2a(— 6p? + 6. p*?)+p?.2A, = 0, 
0 —6p?+5.p?—2a(0+7.0)+p?.1 =0; 


viz. the first, seventh and eighth equations are satisfied identically, and there remain 
five equations connecting p, a, A,, A». 


These equations* should lead to the before-mentioned a8-modular equation 
p° — 28p* — 112ap* — 210p* — 224ap* + (— 1484 + 184402) p? + (— 560a + 512a*) p+ 7 =0, 


and to expressions for A,, A, as rational functions of a, p: and they should be, all 
five of them, satisfied by these results; but I do not see how the results are to be 
worked out; there is, so far as appears, no clue to the discovery of the rational 


functions of a, p. 


The Jacobi Partial Differential Equation. Art. Nos. 43 to 48. 
43. Writing, as above, 2a in place of Jacobi’s a, this is 
dz dz j 3 dz _ 
(1 — 2aa? + w+) TaT (n — 1) (2ax — 22°) q rar AAMA = Haeo, 


satisfied by the numerator and denominator U, V, each of them taken with the 
same proper value of the coefficient A,, or, what is the same thing, by the values 

U = @2 (A, + As? + Aet +... + Ayo? + a), 

V=0 (1 +A, +4 +... + Ag 2%? + Aa”), 


* [See this volume, p. 535.] 
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where now A,=p as before: ® has its proper value; viz. disregarding an arbitrary 
merely numerical factor which might of course be introduced, the value is 
onJL¥, -feVin® _ vee 
M Kk’ P /1-u OV amu 


or, what is the same thing 


wera Ne 
a thal 
O= VP V ere ty 
If for z we write @€, then the equation becomes 


a? 


$ + (n —1) (az — 2a) É 4 n(n —1) ins 1) (Hs 1d 


© da t) = ri 
satisfied by the foregoing values without the factor ® or, attending only to the 
denominator, say by the value 


V=1+A,2°+ Agat + ... + As a + px, 


44. To calculate the value of aa? we have 


1d®_}tdp, 18 dB ja | 
Pa pa pid 


es iy 


da na—l1’ 
and the formula thus becomes 


1d®_kdp in (FP sa 
© da ~ pda a—] 
We have, 


as the first of the equations obtained by substituting in the 
differential equation, 


partial 
1 dO 
2A, —4n (a? — 1) = aa az 0, 

and we have hence the value of the first coefficient 


A,=n (a= 1)7 oe +4 (Bp — na); 


or we may, by means of this result, get rid of the term 6 = from the partial 
differential ge viz. the equation may be written 

dE aag 4 dE 
(1 — 2aa? +04 za + (0 — 1) (Zou — 2a”) 7, t + {n(n — 1) a — 24} €- 4n (œ — 1) 


67—2 
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Before going further, I remark that the last of the equations obtained by the 
substitution gives the coefficient A;,; but this is also given in terms of A, by the 
formula No. 33, As, — p4, = } (ap — Bp); combining the two formule, we have 


_l dp 2 
Ara e vane + Bp", 


d 
A= n(@—1)7 + (—dnt $) ap + bhp 
45. In the case n=3, we have A,,=A,=1, 4;=p; the two equations become 
3 (a? — 1) 9 ap — p+ 4Ap"=0, 


3 (a —1) 2 —1-—-fap +4Bp*=0, 
each of which is easily verified. 


I remark also that, in the same case, (n=3), we have 


Oy srr : -(4 =) , and thence ® = yp Ee oE. 


@—1 \p?—1 -1 WV e-l’ 

hence 

1d0_ i eee 

@ dp (p?=1) (p*— 9)’ 

1 d® 
and writing the equation A, — 2n(a?- 1)5 Ta ——=0 in the form 
f 1 dO dp 
rat Py |, pe a we 
p — 2n(a® — 1) © dp d 0, 


we can verify this equation. 


46. In the case n=5, we have for A, two equations, each ultimately giving 
the foregoing value 


1 
“ie aia aoe a 


—5 


2 
Moreover, the equation © = yp ee es 


47. In the case n=7, the formule give the two coefficients A,, A»; viz. we have 


m gives, without difficulty, © = 


1 d 
kria — a + 48e, 
d 
A,= 7 (a—1) FP — ap +48, 


where the value of 2 must of course be obtained from the before-mentioned pa-equation 


(given in No. 7). I have not considered these results nor endeavoured to compare 
them with the results for this case, obtained in the Transformation Memoir and the 
addition thereto, [578, 692]. 
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48. Substituting the value 1+ 4,2? + A,a'+ ...+As.2*- + pa in the last-mentioned 
form of the partial differential equation, we obtain 


24, ea 2A 
dA, 
124, =— 4(n—2)ad,+242 —n(n—1) + 4n (a? 1)", 
dA, 
304, =— 8(n—4) ad, +24, Ay —(n — 2) (n — 3) A, + 4n (® — 1) jg > 


564, = — 12 (n — 6) a4, + 24,A; — (n — 4) (n — 5) A, + 4n ae 1), 


CC e eee eee eH HEE HEH ERE HEHEHE HEED SHHEHES EHS EOE EE HS SEHR EEE HL OER ESE EEE OEM O OEE O EEE OE 


seoce CEO e meee HH EET EE EHH HEHEHE HH EEE ORES EEE EHH EOE TET EHH HEHE TEER HE ee eeeeeHeeeeeeee 


The number of equations is of course finite and =s+2, but the last equation is an 
identity. To obtain the last equation but one, it is convenient to write down the 
general equation; viz. this is 


(2r + 1) (27 + 2) Ayu, = — 4r (n— 2r)aA,+ 24,4, 
— (n — 2r+1)(n — 2r + 2) A, + 4n (a? — 1) ned 
and then, writing herein r=s, we have 
= — 4s (n — 2s) ap +2A,p 
—(n— 25 + 1) (n — 28 + 2) As +4n(@—1) £; 
viz. for n substituting its value 2s + 1, the equation is | 


0=-2(n-— 1) ap + 2A,p — GA. + 4n (a - 1). 


Recapitulation of Formule for the Cases n=3 and n=5. Art. Nos. 49 and 50. 


49. In conclusion, it will be convenient to collect the formule as follows: 
Bi ies ad og O 
=, y = 1+ pa? > O= p-1’ 
Sap a p ee 6p? wa 3, 
8(a +1)p=(p—1)(p +3), 8(a—1)p =(p +1} (p — 3), 


o=-, 88a = ot — 60° — 3, 


8(B+1)o=(c-1)(¢+3), 8(8-1)o=(c -17 (0 +8); 


aß-equation, see No, 2. 
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Li _@(p + Aa + at) Di kt Hebi pe gh ig ae 
50. n=5, y= EE tpt) Vonks A, == (p? — 2p + 5) (p* — 4p — 1), 
64a’p = (P — 4p — 1)? (p? — 2p + 5), 
or say 


8a yp = (p? — 4p — 1) Vp?— 2p +5: 
64 (a? —1)p =(p— 17 (p -— 5), 


s=", 64,6%a = (o?— bo TF (a? — 20 +5), 


64(6?-—1)0 =(c—1)' (ao —5), 
Bic hip 20-5, 


a pt(p?— 4p — 1)’ 


aB-equation, see No. 3. 


The pa-equations for the cases in question, n=3 and n=5, are the so-called 
Jacobian equations of the fourth and the sixth degrees, studied by Brioschi (in the third 
appendix above referred to) and by others: the foregoing aS8-equations have not (so 
far as I am aware) been previously obtained; as rationally connected with the 
pa-equations, they must belong to the same class of equations. 


Cambridge, England, December 18, 1886, 
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